When & is smooth and satisfies the ellipticity and monotomcity conditions such as those given m [9] and [11] , there is much work on lts wellposedness. Moreover, optimal error bounds for lts fmite element approximation have been estabhshed m vanous norms For many physical models» k does not satisfy these conditions and hence the lmearization or déformation procedure used in [9] and [11] cannot be applied at all. A typical example is the p-Laplacian, where k(t ) = r p~2 , p E (l,oo) and p # 2. Throughout we will dénote k(x, t) by k(t) for almost every x e 12. Such models arise in many physical processes : nonlmear diffusion and filtration, see [19] , power-law matenals, see [1] , and non-Newtoman flows, see [3] . For such cases the monotomcity method plays an essential rôle m establishing well-posedness and error bounds, see [12] . By this method error estimâtes for the fmite element approximation of (LI) have been given for a class of k, which includes the p-Laplacian, see [6L [7] and [12] , although the results are only suboptimal m most cases and may be very poor for some important cases (for instance, k(t) = t p and p # 2). On the other hand, numencal computations mdicate that the approximation should converge at the optimal rate for such cases at least for sufficiently regular solutions. This has been confirmed recently for the contmuous piecewise linear fmite element approximation of (1.1), firstly for the case where k(t ) -t p ~ 2 m [2] and then for more gênerai cases m [16] . We note that there is little pomt m considermg a higher order approximation due to the lack of regulanty of the solutions of (LI) in gênerai. It has been further shown that the techniques used m dealmg with (11) can also be applied in a modified form to the case of a quasi-Newtoman flow obeymg the power law or the Carreau law, see [3] , and the parabolic p-Laplacian, see [4] .
In the mathematical hterature there has been a huge explosion of work on the p-Laplacian and related degenerate quasümear elliptic and parabolic équations. This work has naturally led to considermg the correspondmg variational mequalities (obstacle problems), see [5] for example. It is the purpose of this paper to show that the techniques m [2] can be adapted to study the fmite element approximation of the elliptic variational ïnequahty correspondmg to (1.1). Error bounds in energy type norms are proved. In some notable cases these error bounds converge at the optimal approximation M 2 AN Modélisation mathématique et Analyse numérique Mathematical Modelling and Numencal Analysis rate provided the corresponding solution is sufficiently smooth. In addition these results in some cases simplify and improve on those for the équation case presented in [16] . Although there is much work on the finite element approximation of elliptic variational inequalities for the Laplacian, see [10] and [8] for example, and when k is smooth and positive, see [17] and [18] , we know of no work for degenerate k except the brief mention of suboptimal bounds in [8] .
The outline of this paper is as follows. In the next section we state the précise weak formulation of the problem and then prove some important inequalities. In Section 3 we establish some abstract error bounds for the finite element approximation of the problem. In Section 4 we dérive some explicit error bounds from these abstract bounds.
Throughout this paper, we adopt the Standard notation W m ' q (f2) for Sobolev spaces on f2 with norm || . || w m, 9(/2) and semi-norm | . \ w^g^ny In addition C and M dénote two gênerai positive constants independent of h and xe n. The problem that we wish to consider is :
THE WEAK FORMULATION AND SOME INEQUALITIES
Associated with (WP ) is the following minimization problem : Under Assumptions (E ) it is a simple matter to establish the existence of a unique solution u to (MP ) by adapting the argument for the équation case given in [6] , [7] and [12] . In addition it foliows that (WP ) and (MP ) are equivalent problems. In order to prove error bounds for the finite element approximation of (WP ) = (MP ) one requires stronger assumptions on the function k. ASSUMPTIONS 
Assumptions (A) are slightly more gênerai than those in [16] , where a x and a 2 are either 1 or 0, and can be stated in a more compact way. Ho we ver, the main advantage to stating the assumptions in this form is that one can obtain some sharper inequalities, see (2.4) and (2.5), than those in [6] and [16] Proof: We first prove (2.4) with 5=0. Some ideas similar to those m [2] , [6] , [7] , [12] and [16] will be applied. For any
Therefore without loss of generality we can suppose that x, y ^ 0. Let
We can further assume from (2.6) that x/|x| = e x = (1, 0, ..., 0) r and | y | /1 x | =s 1. It follows that F (x, y) will be bounded if yf \ x \ does not tend to e x as the function x -»> k( |x | )lb{x) is bounded above. It remains to show that hm F (x, y ) <: oo.
If 1 -«e ^ |J|/|JC| ^ 1 for some e e (0, 1 ) then there exists a constant C such that |x| \y\ ^ (|x| + |j| ) 2 ^ C |x| |y |. Then it follows, smce
Consequently one has that (2 4) that is, (2 4) holds for any <5 ^ 0 Similarly (2 5) for the case 5=0 holds since we have for M t > 0 that
where we have noted for all s, t m 0 that
Clearly (2 7 Under similar assumptions Chow in [6] has proved (2.4) with ô = 2 -p for p e (1, 2] , a x = 1 and ô = 0 for p e [2, oo), a t = 0 ; (2.5) with 8 = 0 for p e (1, 2], a 2 = 0 and 5 = p -2 for p e [2, oo ), a 2 = 1. With these one can establish some error bounds for the finite element approximation of (1.1) (see [6] , [7] and [12] ). These error bounds, however, are only suboptimal in many important cases. In [2] and [16] , sharper inequalities, which can also be viewed as generalizations of those in [6] are established ; that is, (2.4) with a x = 1 and (2.5) with a 2 = 0 when p e (1, 2], (2.4) with a l = 0 and (2.5) with a 2 = 1 when p e [2, oo ). It is these generalizations that makes the establishment of some optimal error bounds possible for (1.1) by exploiting the associated minimization problem. However, for some k the inequalities (2.4) and (2.5) are even sharper than those in [16] . For example k{t) = t p~2 , p e (1, oo), satisfies the Assumptions (A) with a l = a 2 = 1. These improved inequalities are absolutely essential in establishing sharp error bounds for the finite element approximation of some degenerate quasilinear problems for which there is no associated minimization problem (for example, the parabolic p-Laplacian, see [4] 
Proof : The results (2.8) and (2.9) follow by adapting the proofs for the équation case in [6] , •
FINITE ELEMENT APPROXIMATION AND ABSTRACT ERROR BOUNDS
In this section we consider the piecewise linear element approximation of {WP ) = {MP The well-posedness of (WP f and (MP f follows in an analogous way to that of (WP ) and (MP ).
We now establish some error bounds for such an approximation. Although no error bounds exist in the hterature for degenerate elliptic vanational mequahties by combinmg the work on « lmear » vanational inequalities, ie [10] , with the work on degenerate elliptic équations in [6] it is a simple matter to obtain the following error bounds if u G W 2 P (O ) If k satisfies the Assumptions (A) with p G (1,2] , a x = \ and a 2 = 0 then If k satisfies the Assumptions (A) with p e [2, oo ), a t = 0 and a 2 -1 then Clearly these error bounds are not optimal Below we will estabhsh some improved error bounds by applying the ideas used in [2] and [16] These bounds converge at the optimal rate, provided u is sufficiently smooth, in some notable cases Firstly, we estabhsh some abstract error bounds Let u be the unique solution of (WP ) 
where
From (MF ) h we have that
A(u h ) + /i*(u)(«* -M) = //,*(«*) ~ / fl *(«) < </ fl *(ü*) -//!*(«) = A(v h ) + J' n k(u)(v h -u).
It follows, since n h^I 2 and (WT ) =>/^(M)(M -
On the other hand, V . The results follow immediately from the proofs of (3.7)-(3.13) with (3.3) replaced by (3.14). •
EXPLICIT ERROR BOUNDS
In this section we apply our abstract quasi-norm error bounds established in the last section to some problems and obtain more explicit results in familiar norms. Applying Green's formula it is easy to deduce for all w e W 2 x (/2 ) and f3 e (-1, 0) that see Lemma 3 1 in [2] , Hence it follows that Next we note from (3.1a) that
Combinmg the above with (4.4)-(4.6) and noting the assumed regulanty on u yields the desired resuit (4.2). D
We have the following simplification of (4. [14] and [15] where conditions on the data are given for this to be achieved A more reahstic assumption for global regularity is that u G W 2 q (f2) for any q === 2, although we have not yet proved this In gênerai one can only expect u to have higher regularity either side of the f ree boundary Hence the introduction of 7" m Theorem 4 1 We now apply Theorem 4 1 to the following obstacle problem Let k satisfy Assumptions (A) with p G (1, 2] [10] to obtain similar results to the above ) In addition for u to achieve the required regularity assumptions for (4 1) and (4 2) to hold it is necessary tor the obstacle <p to satisfy these conditions, since u = <p in the contact set For example in the case of (4 2) 
